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Abstract: In this paper, we obtain the necessary and sufficient condition for jl}(h, N}kh and H}kh to be recurrent and we

get a relationship between them. The projection on indicatrix with respect to Cartan connection has been studied.
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. INTRODUCTION AND PRELIMINARIES
The recurrent Finsler spaces have been studied by Pande and Tiwari [8], Dikihi [4], Qaseem [10], Saleem and Abdallah
[12] and Kim and Parw [6]. Also, P. N. Pandey [9] obtained the relation between the normal projective curvature tensor

IVjikh and Berwald curvature tenser H}kh. Let E, be an n-dimensional space equipped with the metric function F(x,y)
satisfying the request conditions [1, 11]. The vectors y; and y* satisfy

(1.1) a) y;y' = F?, b) 0;y; = 0;y; = gij and ) itV = Yer

(1.2)

where g;, is the metric tensor which homogeneous of degree zero in y* and symmetric in its lower indices.

Cartan’s covariant derivative of the metric function F, vector y!, unit vector I‘ and metric tensor g;, Vvanish
identically, i.e.

(1.3) a) i = 0, b) yj = 0, )l =0 and d) gjk =0 ,

. i
where  e)li = y;

Cartan’s covariant derivative of an arbitrary tensor T} with respect to x* is given by [3]

@4 0(Tw) — (0Th), =T (9; 1) — T(9; 1) — (B, TP,
where

(14) a) ]TZ = (6] Fh*lr)yh and b) P]'il = gihphﬂ .

The Berwald curvature tensor Hj"kh is positively homogeneous of degree zero in Y "and skew-symmetric in its last two
lower indices which defined by [11]

Hjin = 0nG + G Gry + GL.GT — h/k.

And satisfy the following relations
(1.5) a) 0jHy, = Hjyp, b) Hjny’ = Hp, ) Hijin = gjrHikn, d) Hypy* = Hy,

€) Hin = 0 Hj, f) Hye = Hiy., o) Hy = Hy, and h) H = —H].
The tensor Hj, , defined by
(1.6) Hjn = gikHjih-

The normal projective curvature tensor }kh and Berwald curvature tenser }kh are connected by [11]
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. . 1 s
(1.7) jlkh = jlkh - mylajHrrkh

where Nj, is homogeneous of degree zero in yt.

Contracting the indices i and j in (1.7) and using the fact that the tensor H;,,, is positively homogeneous of degree zero
in y¢, we get

(1.8) Nyin = Hign-
Transvecting (1.7) by y/ and using (1.5b), we get

(L9 Niwy’ = H, | |
The projective curvature tensor Wy, and normal projective curvature tensor N, are connected by [11]

(1.10) @) Wiy = Njpp + 2(8iMyj — My, 8} — k|h),
Whel’e b) Mkh = —ﬁ(nNkh + Nhk) and C) Njk = IV]Y}‘CT” .

The projective curvature tensor Vl/j‘}(hsatisfies the following [11]

(111) &) Wiy =W, b) Winy* = Wi and o) Wiy" = 0.
Definition 1.1. The projection of any tensor Tji on indicatrix is given by [2, 5]

(112)  p.T} = TEhLhL,

where the angular metric tensor is defined by

(1.13) hi =6 —1'l;.

The projection of the vector y and unit vector | ' on indicatrix are given by [5, 7]
(114) a) p.y'=0 and b) p.l = 0.
1. W —RECURRENT FINSLER SPACE

Definition 2.1. A Finsler space F,, which the projective curvature satisfies the recurrence property i.e. characterized by

(2.1) Vl/jl;chu = Alvvjl}ch’ Wﬁch #0,

where 4; is non-zero covariant vector field. This space will be called a W - Recurrent Finsler space. And denote it
briefly by WR — E,.

Let us consider WR — F, characterized by (2.1). Transvecting (2.1) by y/, using (1.11a) and (1.2b), we get
(2.2) Wkihu = AIWI\fih-

Transvecting (2.2) by yf‘, using (1.11b) and (1.2b), we get
(2.3 Wy = LWy,

Thus, we conclude

Theorem 2.1. In WR — F,, the projective torsion tensor jﬁc and projective deviation tensor W} are recurrent.
Differentiating (1.10a) covariantly with respect to x! in sense of Cartan, we get

(2.4) Nienit = Wienp + 2(8f Mgy + 8 Mjiep0).
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Using (2.1) ar_1d (1.10a) in (2.4), we get

Nfenpt = M[Njn = 2(8/ Miey, + 8,Mp3e )1 + 2(8 My + 81, Mjpep1).

Contracting i and h in above equation and using (1.10c) and the skew —symmetric property for M;;, we get
Nigw = 4[Njx — 2(1 = )M ] + 2(1 — n) My ;.
Using (1.10b) in above equation, we get
2 2
Njep = 4Nj — n_ﬂ-l(ank + Nyj) + — (Njijp + Nigjpo)-

+1

Using the skew —symmetric property for N, in above equation, we get
ka|l = /‘{IN]'R - 2/11Njk + ZIijll.

which can be written by
(2.5) Ny = A1 Nj.

Thus, we conclude

Theorem 2.2. In WR — F,, if M), and N;;, satisfy the skew —symmetric property then Nj, is recurrent.

Differentiating (1.10b) covariantly with respect to x! in the sense of Cartan, using and (2.5), we get
2
(26) Mjk|l = —Ell(nl\/jk + Nk})

Using (1.10b) in (2.6), we get
(27) Mjkll = Alek'
Using (2.1) and (2.6) in (2.4), we get

(2.8) Nieni = LiNjen

From (2.7) and (2.8), we conclude
Theorem 2.3. In WR — F,, the tensor M;, and normal projective curvature tensor Nj"kh ars recurrent.
Differentiating (1.5f) partially with respect toy’, we get

(2.9) aj(Herhu) = (0;0)Hn + A10;H] .
Differentiating (1.7) covariantly with respect to x™ in the sense of Cartan and using (1.2b), we get

1
n+1

N'L'khll = H'ikhll — —y' (O Hn) -

J ]

Using commutation formula exhibited by (1.3) for H},,, in above equation, using (2.8) and (1.4a), we get

goees 1
n+1

e Y{(OA) e + A10;Hyien + Hisn (0;15°) + Hiies (95151°) + (35 i ) P}

Using (1.7) in above equation, we get

i oo
Nign = Hjgni

1
n+1

(2.10) /11Hjikh = Hjikh|l -
This shows that

yi{(ajlz)Hrrkh + Hlsp (3jrk7s) + :ks(ajnl*ls) + (aerrkh)Pjsl}'

Hjikh|l = AlHjikh
if and only if
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211) (90 Hpe + Hisn (013°) + Hyes (9,15°) + (0sHr i )P = 0.
Contracting the indices i and h in (2.10) and using (1.5f), we get

1 . . . . % .
(2.12) AHje = Hjgep — myt{(ajﬂ-l) e T Hise (0;05°) + Hrrks(ajnzs) + (aerrkt)Pjsz}-

This shows that
ijll - Alij'
if and only if

(213)  y"{(0;M)Hlye + Hise (015 + Hiys (0;131°) + (9sHE )P} = 0.
Thus, we conclude

Theorem 2.4. In WR — F,, Berwald curvature tensor H}kh and Ricci tensor Hj, are recurrent if and only if (2.11) and

(2.13) hold.
Transvecting (2.10) by g;;, using (1.5c), (1.1c) and (1.2d), we get

L}’t{(a'j/h)l‘lrr;ch + rrsh(ajrk*zs)"‘ rrks(ajrh*zs) + (05 rrkh)Pjsl}-

N Hikn = H; -
1jtkh jtkh|m n+1

This shows that
Hitinim = AmHjtkn
if and only if

(2.14) Yel(0;4) Hin + Hisn (0;157) + Hiyes (0,17 + (3erTkh)Pjsz} =0.
Thus, we conclude

Theorem 2.5. In WR — F,, the associate tensor H;, of the curvature tensor I-I]-ikh behaves as recurrent if and only if
(2.14) holds.

1. PROJECTION ON INDICATRIXWITH RESPECT TO CARTAN’S CONNECTION

Since j‘}ch is recurrent in sense of Cartan, i.e. characterized by (2.1). Now, in view of (1.12), the projection of Wj‘}m on
indicatrix is given by

(3.1) p. VV]lkh = Wbacdhélh]l')hihg : )
Taking covariant derivative of (3.1) with respect to x* in sense of Cartan and using the fact that hj;; = 0, then using
(2.1) in the resulting equaion, we get
@ Wi = AWikahih) hihi.
In view of (1.12), above equation can be written as

(» -Vl/jl;ch)ll =4(p. le}ch)-

This shows that p . W, is recurrent. Thus, we conclude

Theorem 3.1. WR — E,, the projection of the projective curvature tensor le}m on indicatrix is recurrents in sense of
Cartan.

Since jl}{ is recurrent in sense of Cartan, i.e. characterized by (2.2). In view of (1.12), the projection of ﬁc on
indicatrix is given by

(3.2) p . Wi, = WiLhih! b,
Taking covariant derivative of (3.2) with respect to x! in sense of Cartan and using the fact that hj‘f” = 0, then using
(2.2) in the resulting equaion, we get
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(p. Wﬁ<)|z = L WiLhih) b,
In view of (1.12), above equation can be written as
(- Wi), = & (- W),

This shows that p. le}( is recurrent.. Thus, we conclude

Theorem 3.2. WR — E,, the projection of the torsion tensor Wjﬁc on indicatrix is recurrent in sense of Cartan.

Since Wji is recurrent in sense of Cartan, i.e. characterized by (2.3). In view of (1.12), the projection of Wji on
indicatrix is given by

(3.3) p. Wi =WghLh!.

Taking covariant derivative of (3.3) with respect to x* in sense of Cartan and using the fact that hj‘f” = 0, then using
(2.3) in the resulting equaion, we get

(p.Wj")ll = LWghSh).

In view of (1.12), above equation can be written as
-w), = & (p-W)).

This shows that p. Wj" is recurrent. Thus, we conclude

Theorem 3.3. WR — E,, the projection of the deviation tensor Wji on indicatrix is recurrent in the sense of Cartan.

Let us consider a Finsler space F,, which the projection of Wj’}(h on indicatrix is recurrent with respect to Cartan’s
connection. i.e characterized by (2.1). Using (1.12) in (2.1), we get

(Wseahah} hichit) = WWseahihy hich;.

Using (1.13) in above equation, we get
(Wit (8 — £€0)(8) — £74;)(85 — <€) (85 — £424)}y
= LiWyea(8a = €€a) (8] — £04;)(85 — £°41) (87 — £%4n)}
which'can be written as '
Wikn __lekd{)d{}h - lecf_zfcfk + jlcdtocfycfd[h - VVj%h”m"Ea
+ j%dtal'fafdfh + VVj(clhﬂfa['C[k - Vl/jlcld['ltaatactaktpd[h)ﬂ '
= AI(M/}'sc'h - ‘/Vjscdfdgh _'M/jlchgcgk + M/jlcqfcfkfdfh - M/j%hflfa
+W}$dt’1£a£dt’h + Wign Lot — VI/j‘;d{”{’a{’C{’k{’d{’h).
Using (1.11a), (1.11b), (1.2a) and (1.2c) in above equation, we get
i 1., 1., i i 1 i
Wi, = 2 Wit = - Wihtic = Wi o + WL Lol + T WL Lol
i 1., 1., i i 1 i
= AW = 2 Wil — 2 Wih i = Wik £18q + Wit Loy + = Wit Lo ty).

Now, since the torsion tensor Wjﬁc is recurrent, i.e characterized by (2.2), then in view of (2.2), (1.2a) and (1.2c), above
equation can be written as

(3.4) (Wlkh - WJ%hEi{)a)ll = Al(le}ch - Wj%h{)ifa)-
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Thus, we conclude

Theorem 3.4. If the projection of (le}ch - Wjﬁh{"'{’a) on indicatrix is recurrent, then the space is WR — F,, provided
Wjﬁ{ is recurrent in sense of Cartan.

From (3.4), we get

Corallary 3.1. In WR — F,, the projection of le}m on indicatrix is recurrent, if and only if Wz, ¢, is recurrent.

Let us consider a Finsler space F, which the projection of j’}( on indicatrix is recurrent with respect to Cartan’s
connection characterized by (2.2). Using (1.12) in (2.2), we get

(WsLhih? g)” S
Using (1.13) in above equation, we get
(Wi (84 — €7€2) (8] — €°4;) (6% — €01}y = MWy (85 — €1€4) (8] — €°;) (85 — ¢°€,)}

which can be written as
(Wi = = Wity =2 Wikl + S Wiyl — Wi el — - WELL, 2,
+%W,f‘i”'{’ai’k—Wb“ci’ifa{’%’h{’bi’k)“ = LW}, — %W,;‘f,l - iw,:‘ek
+ S WYty = Wit lq — 2 WELL Ly T WL Ly — WSl Lo 8,8 8y) .

Now, since the deviation tensor VI/}i is recurrent, i.e characterized by (2.3), then in view of (2.3), (1.11b), (1.11c), (1.2a)
and (1.2c), above equation can be written as

(B5) (Wi — Wittt = L(Wj, — Wieit,).

Thus, we conclude

Theorem 3.5. If the projection of ( j§< - W]ﬁ{"'{’a) on indicatrix is recurrent, then the space is WR — F, .

From (3.5), we get

Corollary 3.2. In WR — F,, the projection of jl}( on indicatrix is recurrent, if and only if W3¢, is recurrent.
V. CONCLUSION

We introduced a Finsler space which le}m satisfies the recurrence property in sense of Cartan. Also, we proved that
some tensors behave as recurrent.
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