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Abstract: In this paper, I will mainly concerned on influence of a voter if he shift his rule from a winning situation to
no participation (rights to reject) in a decision making situation. I will try to measure the power of voter mathematically
using fuzzy approach while he shifts his rule from a winning situation. | will propose public good index in fuzzy
version as a method to measure power of voter. | propose the fuzzy versions of Public Good Index (PGI) and
corresponding characterizations for simple games with fuzzy coalition (fuzzy game). Finally in this paper Public Good
Index is formulated for the class of simple games with fuzzy coalition in multilinear extension form.
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1. INTRODUCTION

Power indices measures the influential factor of a person (player) while he shift his role in decision making situation. In
a simple game the value of a winning coalition and loosing coalition can be assessed by binary terms (1 for winning
coalition and 0 for loosing coalition). The PGI is important power indices introduced by Holler [1]. PGI measure in a
way, the influence of a player while he shift his loyalty from the minimal winning coalitions. A winning coalition said
to be a minimal winning coalition if removal of any player makes it into a losing coalition. Here we will use the term
voter to indicate the members of minimal winning coalition. The PGI can be determined by the number of minimal
winning coalitions containing the voters divided by the sum of such numbers across all the voters, see [1] for a detailed
reference.. In this paper we introduce PGI for a fuzzy simple game and obtain the respective characterizations In this
paper we will finally introduce PGI for the class of fuzzy simple games in multilinear extension form. Here we follow
the characterizations of the PGI due to [1, 8].

The rest of the paper is organized as follows. Section 2 presents the preliminary concepts about the PGl in crisp settings
and fuzzy simple games in multilinear extension form . In Section 3, the notions of fuzzy PGI is introduced for fuzzy
simple games. Section 4 brings out fuzzy PGI for the class of fuzzy simple games in multilinear extension form
followed by an illustrative example. Finally, in Section 5 we present some concluding remarks.

2. PRELIMINARIES

Here we mention some necessary preliminaries concepts relating to cooperative games in crisp and PGl in crisp settings
which bear similar notions from [8]. In this section we also mention some notions of fuzzy simple games in multilinear
extension form.

2.1 PUBLIC GOOD INDEX
In the following we define the Public Good index for the class GNas follows.
Definition 2.1. A function f : GN - R"defines a value due to [8] if for every S € 2Nit satisfies the following axioms.
Axiom p1 (Efficiency) : If (N; v) € GN, it holds that,
Z £ (Nv) = 1
ieN

Axiom p2 (Null Player) : If player i € Nis null for (N,v) € GN, then,
fi(N,v)(S) = 0

Axiom p3 (Symmetry): Ifi,j € Nare two symmetric players in a game (N,v) € GNthen,
fi(N,v)(S) = fi(N,v)(S)

Axiom p4 (PGI-minimal monotonicity): If (N, v), (N,w) € GV, it holds that for all player
i € Nsuch that M;(v) € M;(w),
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£.(N, w) Z M; (W) = f(N, V) Z M, (v)

jEN jEN

Considering the fact that v(S) = 1 if S isawinning coalition Axiom pl can be expressed alternatively as follows:
Axiom p1’ (Efficiency) : If (N; v) € GV, it holds that,
D RN = v(S)

i€S

For remaining part of the paper we use Axiom pl' in place of Axiom p1. The following theorem ensures existence and
uniqueness of the public good index

Theorem 2.1. There exist a unique Public Good Index f on GN that satisfies Axiom p1-Axiom p4 and is given by,
[M; (v)|
f;(N = 2.1
1( :V) ZjEN|Mj(V)| ( )
In view of the Axiom pl' it can be rewritten as follows.
Theorem 2.2. There exist a unique Public Good Index f on GN that satisfies Axiom p1’-Axiom p4 and is given by,

IM; (V)|
f =120 2.2
NVE) =5 50 (22)
In the remaining part of the paper we use (2.2) instead of (2.1)
Where M; (v) denotes the sets of minimal winning coalitions containing the player i in v.

2.2 FUZZY SIMPLE GAMES IN MULTILINEAR EXTENSION FORM
Define the fuzzy simple game wy: L(N) — [0, 1] in multilinear extension form as follows

wy (A) = ZTeM(AgvM) [leer 1, (THv(T) (2.3)

Denote by GM. (N) the class of fuzzy simple games in multilinear extension form. For everyw,, € Gi-(N)we defne the
function f: GM.(N) - (RM):Mpy
£ (ww)(A) = ZTEM(A‘\’,‘VM.) [ler 1, (DE (V)(T) (2.4)

Prior to defining the PGI for the class of fuzzy simple games we state and prove following results as follows.

Lemma 2.1. [4] Given A € L(N) and let wy, € G (N) with v € GNbeing the associated simple game of wy. Two
players i,j € Nare a.symmetric for win A iff i,j € Naresymmetric for vin each Bjwhere By = {k € N:p, (i) <
aand p,(j) <a.

Proof. Proof is in the line of [4]

Lemma 2.2.[4] Given A € L(N) and B € L(N). Let wy € GI& (N) with v € GNbeing the associatedsimple game of
wy,. Player i € Nis an o null player for wyin A iff iis null for v € GNin each T € M(B U I)“}VMi) with p; (j) > awhen
j # i, py()>awhenj = iand I € L(N) such that p, (j)<awhen j # iand p, (j)>awhenj = i.

Proof. Proof in the line of [4]

3. FUZZY PGI FOR FUZZY SIMPLE GAMES

Definition 3.1.[4] A TU game w with fuzzy coalition [8] is said to be a fuzzy simple game,if for each fuzzy coalition
S € L(N), we have w(S) € [0, 1]and wsatisfy the following twoconditions.

L w(Sy) = 0,w(Sy) =1

2. Monotonicity: w(S) <w(T)if S €T

Let Grc(N) denote the class of all fuzzy simple games. Prior to the definition of public good index in fuzzy settings we
define the following.

Definition 3.2.[4] Given a € (0,1]. If S € L(N)and w € Gz-(N), the player i € Nis said to be anull for win Sif
w(T Ul) = w(T)for all T eL(S)with T(j) > awhen j#i, T(@{) < a and all I € L(N)such that I(i) >
aand I(j) < awhenj =+ i.

Definition 3.3.[4] If S € L(N)and w € Gg-(N), the players i,j € Nis said to be symmetric for win Sif w(TUI) =
w(T u Hforall T € L(S)with T(Q) = 0 = T(j)and all I,J € L(N)such that I(i) = J(j)and I(j) = Owhen j # iand
J(@@) = Owheni #j.
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In the following we define the fuzzy winning coalition and minimal fuzzy winning coalition as follows.

Definition 3.4.[4] Given a € (0,1], let S € L(N)and w € G- (N), a fuzzy coalition T € L(S)is said to be a winning
coalition if w(T) = « In analogy to this a fuzzy coalition TeL(S)is said to be loosing if w(T) < a.

Definition 3.5.[4] Let SeL(N)and w € Gy-(N), an a winning coalition T € L(S)is said to bea minimal winning
coalition if every proper subset of T € L(S)is a loosing coalition.

We denote the set of awinning coalitions for win S € L(N) by W(S%) and the setof a minimal winning coalitions
by M(S). In the rest of the paper we denote the set ofminimal winning coalitions containing i by M(Sg,). [4]

3.1FUZZzY PGI

Definition 3.6. A function f : Gpc(N) » (R")!Mis said to be a PGI in fuzzy settings in Gp.(N)if it satisfies the
follwing axioms.

Axiom F1 (Efficiency): If w € Gz-(N) and A € L(N), then

> fw) = wia)

iEN

Axiom F2 (Null player Axiom): If player i € SuppAis a null player for w € Gz-(N) inA € L(N) then
fiw)(4) = 0

Axiom F3 (Symmetry): For every pair of fuzzy symmetric player i,j € SuppAand forevery w € G- (N) we must have
fiw)(4) = fi(w)(4)
Axiom F4 (PGI-minimal monotonicity) : If w,w’ € G, (N), it holds that
frw)S) ) M(S8, ) = e w)(®) ) MCSE)

for all @ € (0,1] such that M (47, ) = M(A; )

4. FUZZY PGl ON G™.(N)

Theorem 4.1 The function £ : Gpc(N) - (R")!Mgiven by (2.4) is the PGI for the class of fuzzy simple games in
multilinear extension form given by(2.3) wheref is the associated crisp PGI.

i:’roof. Axiom F1 (Efficiency): Let A= {iy, i3, ..., }, Where m < n.
rrawp@w= > | uG)f oo
€T

l'.
TeM( A% > J
( WMik
m

= i frm@w= | [m@rmm
k=1 k=1 TeM(Aﬁ,Mik) ;€T

= Y [[u@nom+-+ Y [[u@non

TEM(A%ML- )ijET TEM(A%MI- )ijET
1 m

Let, M(AZ, ) = {TLZ}, ..., T, }. Hence,

Y rew@ = [ [ua@) Y gy +-+ [ Tm@) Y. 5 o))
k=1

ijETl ijETl ij €Ty ijETp

Let, T; = {i;, iy, ..., {;}, where, | < m. Let the numbers of minimal coalition containing i,

be m,, i, be m,,....,i; be m;. Hence
l

: m, B
Z fiy (1) = Zm =1

€Ty n=1
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Similarly,
PNACIAES!
ijETp
Therefore,
> emo@ = [ml@)++ [ [ )
k=1 ijer i€,

= wy (4)
Axiom f2 (Null player Axiom): Null player follows from Lemma(2.2)
Axiom f3 (Symmetry): Symmetry follows from Lemma(2.1)
Axiom F4 (PGI-minimal monotonocity): Let wy,, wy, € GF&(N). Given that for al la € (0,1]
M(AS, )S M(A? . ) (4.8)

(Wm)t (WM)L-

Hence
a < a.,
D MEA, )< D ML, )
a a

Following (4.2) and due to (4.8) we get
fif Wy (A) = £ (wy (4)

Therefore,

(i (A) ) MCAL, ) = f Gy (4) ) M(AS, )

EXAMPLE
Let N = {1,2,3,4}. Let us consider an example, where v : 2V — [0, 1] is the simple game. Let Abe a fuzzy coalition
over Ngiven by

A =1{<101><202 ><3,03 ><404 >}

Let, @ be 0.1, then
w(4g, ) = {{2,43,{3,4},{2,34})

Hence
M(A5,) = (2,4}, (3,43}

Thus using (2.3), wy (A) = 0.2. After some computation a PGI, on G/ (N)is obtained as (0, 0.03, 0.04, 0.13)
5. CONCLUSION

In this paper we introduce the notion of fuzzy PGI for fuzzy simple games in multilinear extension form. In future we
will try to formulate more such power index.
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