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I. INTRODUCTION

Cech spaces were introduced by Eduard Cech [5] (i.e., sets
endowed with a grounded , Extensive and additive closure
operators) and studied by many others[6][9].N. Levine [9]
introduced g-closed sets. The concept of generalized
closed sets and generalized continuous maps of
topological spaces extended to closure space in [4].D.
Andrijevic [1] initiated the study of B-open sets and f-
closed sets. In this paper we introduce the concept of Cech
MP-closed sets and Cech MP-open sets and discuss some
of its properties.

Il. PRELIMINARIES

A map k:P(X)—P(X) defined on the power set P(X) of a
set X is called a closure operator on X and the pair (X,Kk) is
called a closure space if the following axioms are satisfied.

1. k(9)=¢
2. Ack(A) for every AcX

3. k(AUB)=k(A)Uk(B) for all A, BSX

A closure operator k on X is called idempotent if
k(A)=K[k(A)] for all AcX.

Definition 2.1: A subset of a Cech - closure space (X,k)
will be called Cech closed if k(A)=A and Cech -open if its
complement is closed. i.e., if K(X-A)=X-A.

Definition 2.2: A subset A of a Cech closure space (X,K)

is said to be

1. Cech regular open if A=int(k(A)) and Cech regular
closed if A=k(int(A))

2. Cech pre open if Acint(k(A)) and Cech pre closed if
K(int(A))SA

3. Cech semi open if Ack(int(A))

4. Cech a-open if Acint (k(int(A))) and Cech o-closed if
K(int(k(A)))SA

5. Cech p-open if Ack(int(k(A))) and Cech B-closed if
int(k(int(A)))SA

Definition 2.3: Let (X, k) be a Cech closure space. A
subset AcX is called a Cech w-closed set if k(A)SG
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whenever ACG and G is semi-open subset of (X,k). A
subset A of X is called a w-open set if its complement is a
w-closed subset of (X,k).

Definition 2.4: Let (X,k) be a Cech closure space. A
subset AcX is called a Cech g-closed set if k(A)SG
whenever ACG and G is Cech-open subset of (X,k). A
subset ACX is called a generalized open set, briefly a g-
open set, if its complement is g-closed.

Definition 2.5: Let (X,k) be a Cech closure space. A
subset AcSX is called a Cech ay-closed set if k(A)SG
whenever ACG and G is a-open subset of (X,k).

Definition 2.6: Let (X,k) be a Cech closure space. A
subset AcSX is called a J-Cech closed set if k,(A)SG,
whenever ACG and G is semi-open subset of (X,k),where
k,(A) is the smallest a-closed set containing A.

Definition 2.7: Let (X,k) be a Cech closure space. A
subset ACX is called a Cech mgB-closed set if k(A)SG
whenever ACG and G is n-open subset of (X,k).

111. CECH MP-CLOSED SETS

Definition 3.1: Let (X,k) be a Cech closure space.A subset
AcX is called a Cech MP-closed set closed set containing
A if ks(A)=G whenever ACG and G is n-open subset of
(X,K),where kg(A) is the smallest B-closed set containing
A. A subset A of X is called a MP-open set if its
complement is a MP-closed subset of (X, k).

Definition 3.2: Let (X,k) be a Cech closure space. A
subset ACX is called a Cech M-closed set if kg(A)SG
whenever ACG and G is Cech-open subset of (X,k),where
kg(A) is the smallest B-closed set containing A.

Definition 3.3: Let (X,k) be a Cech closure space. A
subset AcSX is called a Cech N-closed set if kg(A)SG
whenever ACG and G is a-open subset of (X,k),where
kg(A) is the smallest B-closed set containing A.
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Definition 3.4: Let (X,k) be a Cech closure space. A
subset ACX is called a Cech T-closed set if ky(A)SG
whenever ACG and G is semi-open subset of (X,k),where
kg(A) is the smallest B-closed set containing A.

Definition 3.5: Let (X,k) be a Cech closure space. A
subset AcSX is called a Cech D-closed set if kg(A)=G
whenever ACG and G is pre-open subset of (X,k),where
kg(A) is the smallest B-closed set containing A.

Theorem 3.6: Every Cech closed set is Cech MP-closed
set

Proof: Let G be a m-open set of (X,k) such that AcCG.
Since A is closed k(A)=A. Therefore ky(A)Sk(A)=ASG.
i.e., kg(A)=G, where G is m-open. Therefore A is MP-
closed set. Hence Every Cech closed set is Cech MP-
closed set.

Remark 3.7: Converse of the above theorem need not be
true which can be seen from the following example

Example 3.8: Let X={a, b ,c} and define the closure
operator k on X by k{o}=¢, k{a}={a}k{b}=
{b ,c}.k{c}=k{a, c}={a ,c}, k{a ,b}=k{b, c}=k X=X

Cech closed sets of X ={¢, X,{a}{a ,c}}

Cech MP-closed of X={¢, X,{a}.{b}.{c}.{a, b}{b, c},
{a ch} ) )

Then A={a,b} is Cech MP-closed set but not Cech closed
set.

Theorem 3.9:

(a) Every Cech w-closed set is Cech MP-closed set.
(b) Every Cech g-closed set is Cech MP-closed set.
(c) Every Cech anp-closed set is Cech MP-closed set.
(d) Every J-Cech closed set is Cech MP-closed set.
(e) Every Cech mgp-closed set is Cech MP-closed set.

Proof: (a) Let A be a Cech w-closed closed set. Then
ks (A)=G whenever ACG and G is m-open in X. But
K(A)< kg (A) whenever ACG,G is m-open in G. Now we
have k;(A)<SG,G is m-open. Therefore A is Cech MP-
closed set.

Proof is obvious for others.

Remark 3.10: Converse of the above theorem need not be
true which can be seen from the following example

Example 3.11:Le t X={a, b, ¢, d} and define the closure
operator on X by k{o}={¢o}.k{a}=k{a, b}={a, b}k{b}=
k{b, c}=k{a, b, c}= {a, b, c}k{c}=k{a, c}={a, c}.k{d}=
k{a, d}=k{a, b, d}={a, b, d},k{b, d}= k{c, d}=k{b, c, d}=
k{a, c, d}=k X=X

Cech w- closed set of X={¢ ,X{a ,b}.{a, c}.{a, b ,c},
{a, b, d}}

Cech MP-closed set of X={¢, X,{a},{b}.{c}.{d}.{a, b},
{a, c}{a, d},{b, cH{b, d}, {c, d}{a b, c}.{a, c, d},
{a, b, d},{b, c, d}}

Then A={c,d} is Cech MP-closed set but not in Cech w-
closed set.
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Example 3.12: Let X={a, b, c, d} and define the closure
operator on X by k{¢}={¢} k{a}=k{a ,b}={a ,b},k{b}=
k{b ,c}=k{a b, c}= {a b c}k{c}=k{a ,c}={a .c},
k{d}= k{a ,d}=k{a, b, d}={a b, d}.k{b, d}=k{c, d}=
k{b, c, d}=k{a, c, d }=k X=X

Cech g-closed set of X={¢, X,{a}{a, b}{a c}.{a, d},
{b, c}.{a b, c}{a, c, d}, {a, b, d{b, c,d}}

Cech MP-closed set of X={¢, X,{a},{b}{c}.{d}.{a, b},
{a, c}{a, d}{b, c}{b, d}, {c, d}{a, b, c}.{a, c, d},
{a, b, d{b, c, d}}}

Then A={b} is Cech MP-closed set but not in Cech g-
closed set.

Example 3.13: Let X={a, b, ¢, d} and define the closure
operator on X by k{¢o}={0} k{a}=k{a, b}={a, b},k{b}=
k{b, c}=k{a, b, c}= {a, b, c}k{c}=k{a, c}={a, c},
k{d}=k{a, d}=k{a, b, d}={a, b, d}k{b, d}=k{c, d}=
k{b, c, d} =k{a, c, d}=k X=X

Cech ay —closed set of X={¢ ,X{a}.{a ,b}{a b, c},
{a, b, d}}

Cech MP-closed set of X={¢, X,{a},{b}{c}.{d}.{a, b},
{a, c}{a, d}.{b, c}H{b, d}{c, d}.{a, b, c}{a c, d},
{a, b, d},{b, c, d}}

Then A={b, c, d} is Cech MP-closed set but not in Cech
ay-closed set.

Example 3.14: Let X={a, b, c} and define the closure
operator on X by k{o}=0, k{a}={a}k{b}=
{b, c} k{c}=k{a, c}={a, c}.k{a, b}=k{b, c}=k X=X
J-Cech closed set of X ={¢, X,{a}.{c}.{a, c}}

Cech  MP-closed set of X={¢, X<{a}{o}.{c},
{a, b}{b c}{a c}} )
Then A={a, b} is Cech MP-closed set but not in J-Cech
closed set.

Example 3.15 : Let X={a, b, ¢, d} and define the closure
operator on X by k{o}=¢, k{a}=k{d}=k{a, b}=
k{a, d}=k{a, b, d}={a, b, d}k{b}={b}, k{c}=
k{b, d}=k{c, d}=k{b, c, d}={b, c, d},k{a, c}=k{a, c, d}=
{a, ¢, d},k{b, c}=k{a, b, c}=k X=X

Cech mgp-closed set of X={¢, X,{b}.{a, d}.{b, d},
{c,d}{a b, c}{a.c, d}.{a b, d},{b,c, d}}

Cech MP-closed set of X={¢, X {b}.{d}.{a, b}.{a, c},
{a, d}{b, c}.{b, d}.{c, d}.{a, b, c}.{a, c, d}.{a, b, d},
{b, ¢, d}}

Then A={a ,b} is Cech MP-closed set but not in Cech ngp-
closed set.

Theorem 3.16:

a. Every Cech M-closed set is Cech MP-closed set.
b. Every Cech N-closed set is Cech MP-closed set.
c. Every Cech T-closed set is Cech MP-closed set.
d. Every Cech D-closed set is Cech MP-closed set.

Proof: (a) Let G be a Cech m-open subset of (X,k) such
that ASG. Since A is closed k(A)=AcG. Let A be Cech
M-closed set that implies ks (A)SG whenever ACG,G is
open. But we have kz(A)Sk(A)=AcSG that implies
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kg (A)=G, where G is m-open. Hence Ever Cech M-closed
set is Cech MP-closed set.

Proof is obvious for others.

Remark 3.17: Converse of the above theorem need not be
true which can be seen from the following example.

Example 3.18: Let X={a, b, c, d} and define the closure
on X by k{¢}={¢}k{a}=k{a, b}={a, b}k{b}=
k{b, c}=k{a b, c}= {a, b, c}k{c}=k{a, c}=
{a, c}k{d}=k{a, d}=k{a, b, d}={a, b, d}k{b, d}=
k{c, d}=k{b, c, d}=k{a, c, d}=k X=X

Cech M- closed set of X={¢, X, {a}.{o}.{c}.{a, b},
{a, c}.{a d}, {b, c},{b, d}.{a, b, c}.{a, c, d}.{a b, d},
{b, c, d}}

Cech MP-closed set of X={¢, X,{a},{b}.{c}.{d}.{a, b},
{a, c}.{a, d}.{b, c}{b, d}{c, d}.{a, b, c}{a .c, d},
{a, b, d},{b, c, d}}

Then A={c, d} is Cech MP-closed set but not in Cech M-
closed set.

Example 3.19: Let X={a, b, ¢, d} and define the closure
on X by k{¢}={o}.k{a}=k{a,b}={a,b} k{b}=k{b,c}=k
{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}= k{a, d}=k{a, b,
d}={a, b, d}k{b, d}=k{c, d}=k{b, c, d}=k{a, c, d}=k
X=X

Cech N —closed set of X={¢, X,{a},{b}.{c}.{d}{a b}.{a,
ch{b, c}.{b, d}.{a, b, c}, {a.b, d}{b, c, d}}

Cech MP-closed set of X={¢, X,{a},{b}{c}.{d}.{a, b},
{a, c}{a, d},{b, c}{b, d}, {c, d}{a, b, c}.{a, c, d},
{a, b, d}.{b, c, d}}}

Then A={a, c, d} is Cech MP-closed set but not in Cech
N-closed set.

Example 3.20: Let X={a, b, ¢, d} and define the closure
on X by k{¢}={¢}k{a}=k{a, b}={a, b}k{b}=
k{b, c}=k{a, b, c}= {a, b, c},k{c}=k{a, c}={a, c}.k{d}=
k{a, d}=k{a, b, d}={a, b, d}k{b, d}=k{c, d}=
k{b, c, d}=k{a, c, d}=k X=X

Cech T -closed set of X={¢, X, {a}, {b}, {c}, {a b},
{a, c}, {b, c} {b, d}.{a, b, c}.{a b, d}{b, ¢, d}}

Cech MP-closed set of X={¢, X,{a},{b}.{c}.{d}.{a, b},
{a, c}.{a, d}{b, c{b, d}, {c, d}{a, b, c}.{a c, d},
{a, b, d},{b, c, d}}

Then A={d} is Cech MP-closed set but not in Cech T-
closed set.

Example 3.21: Let X={a, b, ¢, d} and define the closure
operator on X by k{o}=¢, k{a}=k{d}=k{a, b}=
k{a, d}=k{a, b, d}={a, b, d}k{b}={b}, k{c}=k{b, d}=
k{c, d}=k{b, c, d}= {b, ¢ ,d}k{a, c}=k{a, c, d}={a, c, d},
k{b, c}=k{a, b, c}=k X=X

Cech D-closed of X={¢, X,{b}.{d}.{a, b}.{a, c}.{a, d},
{b, c}{b,d}{a b, c}, {a c, d}.{a, b, d},{b, c, d}}

Cech MP-closed set of X={¢, X,{b}.{d}.{a, b}.{a, c},
{a, d}{b, c}.{b, d}.{c, d}, {a b, c}.{a c, d}.{a b, d},
{b, c, d}}
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Then A={c, d} is Cech MP-closed set but not in Cech D-
closed set.

Remark 3.22: From the above results we have the
following implications.

Cech
closed

Cech g
closed

¢ech w-
closed

HoH H HOH

Cech MP-closed

H4t N R

cech M- tech T-
closed closed

cech g-
closed

Cech ay-
closed

J-Cech
closed

¢ech D-
closed

¢ech N-
closed

Theorem 3.23: Let (X,Kk) be a closure space. If A and B

are Cech MP-closed subsets of (X,k) then AUB is Cech

MP-closed set.
Proof: Let G be a m-open subset of (X,k) such that

AUBCG ,then ACG,BCSG. Since A and B are Cech MP-
closed sets, kz;(A)=G and kgz(B)=G that implies
Therefore (AUB) is Cech MP-closed set.

Remark 3.24: The intersection of Cech MP-closed sets
need not be Cech MP-closed set.

Theorem 3.25: If A is a Cech MP-closed set, then kg (A)-
A contains no non empty Cech n-closed set.

Proof: Let A be Cech MP-closed set. Let F be a non
empty Cech n-closed set < kg (A)-A. That implies
FC kg (A)NAC. (ie.,) FSks(A) and FCA® FCA®> ACFC,
Since F is Cech m-closed, F€ is Cech m-open. Thus we
have kg (A)< F¢. Consequently F<[ kg (A4) ]°.Hence we
get FS kg (A)N [ kg (A) 1°=¢. Hence kg (A)-A contains no
non empty Cech n-closed set.

Corollary 3.26: Let A be a Cech MP-closed set. Then A is
Cech -closed if and only if Kj(A)-A is Cech MP-closed
set.

Proof: Suppose that A is Cech MP-closed set and Cech f-
closed set. Since A= k; (A) we have kg (A)-A=¢, which is
Cech m-closed. Conversely, Suppose that A is Cech MP-
closed set and kg (A)-A contains no non empty Cech 7-

closed set. Then kg (A)-Ais itself Cech n-closed= kg (A)-
A=¢. Hence A is Cech MP-closed.

Proposition 3.27: Let (X,k) be a ¢ech closure space. If A

is ¢ech MP- closed and F is ¢ech n- closed in (X,k) then
ANF is ¢ech MP- closed.
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Proof :Let G be a cech m-open subset of (X,k) such that
ANFCSG, Then ACGU(X-F).and so, since A is ¢ech MP-
closed, ks (A)=GU(X,F), Then kg (A)NFCSG, since F is
c¢ech n-closed, kz (ANF)SG. Therefore ANF is cech MP-
closed.

Proposition 3.28: Let (,I) be a closed subspace of (X,Kk).
If F is a cech MP-closed subset of (Y,I),then F is a cech
MP-closed subset of (X,k).

Proof: Let G be ¢ech m-open set of (X,k) such that FSG.
Since F is cech MP-closed and GNY is cech =-
open kz (F)NYCSG, But Y is closed subset of (X,k) and
kg (F)=G, where G is a cech n-open set. Therefore F is a
¢ech MP-closed set of (X,k).

Proposition3.29: Let (X,k) be a cech closure space and let
k be idempotent. If A is a cech MP-closed subset of (X,k)
such that ACBCkg (A),then B is a cech MP-closed subset
of (X,k)

Proof: Let G be a ¢ech m-open subset of (X,k) such that
BCSG. Then ACG, since A is cech MP-closed, kg (A)<G.
As K is idempotent, kg (B)< kg (kg (A))= kg (A)=G, Hence
B is ¢ech MP-closed.

Proposition 3.30: Let (X,k) be a cech closure space and
AcX, then the following are true:

If A is cech closed then A is ¢ech MP-closed.

If A'is ¢ech g-closed then A is ¢ech MP-closed.

If A is ¢ech B-closed then A is ¢ech MP-closed.

If A is ¢ech n-closed then A is ¢ech MP-closed.

If A is ¢ech m-open and ¢ech MP-closed then A is ¢ech
B-closed.

Proof: Given A is ¢ech closed implies k(A)=A. But if
ACG and G is m-open. Then kg (A)Sk(A)=ASG which
implies A is ¢ech MP-closed. Thus if A is ¢ech closed
then A is ¢ech MP-closed.

The Proof of the remaining statements are obvious.

o 0o

IV. CECH MP-OPEN SETS

Definition 4.1: A subset A in Cech closure space (X,k) is
called Cech MP-open set if its complement is Cech MP-
closed set.

Theorem 4.2: A subset A in Cech closure space (X,K) is
called Zech MP-open set if and only if FEX- £ 5(X-A)
whenever F is n-closed and FEA

Proof: Suppose that A is Zech MP-open and F be a m-
closed subset of (X,k) such that ACF then X-AcX-F. But
X-A is Cech MP-closed set and X-F is m-open. That
implies £ ,(X-A)SX-F (i.e.,) FEX- £ 4,(X-A) Conversely,
Let F be a n-closed set, FCA and FSX- # 4(X-A) that
implies # ,(X-A)SX-F,X-F is n-open that implies X-A is
Cech MP-closed set and so A is Z'ech MP-open.

Theorem 4.3: If A and B are Zech MP-open subsets of
(X,k) then ANB is Zech MP-open set.
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Proof: Let F be a m-closed subset of (X,k) such that
FCANB .Then X-(ANB)SX-F This implies that
(X-A)U (X-B)S X-F. (X-A)U (X-B) is Zech MP-closed set.
( By proposition 3.23) Thus £ 4-[(X-A)U(X-B)]=X-F
Hence £ 4[X-(ANB)]=X-F that implies FEX- £ 4[X-
(ANB)] that implies ANB is Z'ech MP-open (by Theorem
4.2).

Theorem 4.4: Let (X, g) be a closure space and let (Y ,h)
be a closed subspace of (X, g).If G is Zech MP-open
subset of (X, g) then GNY is Cech MP-open subset of
(Y ,h).

Proof: Let G be a Z'ech MP-open subset of (X,g). then
X-G is a Cech MP-closed subset of (X, g). Since Y is a
closed subset of (X, g),(X-G)NY is a Zech MP-closed set
of (X, g). But (X-G)NY=Y-(GNY). Therefore Y-(GNY) is
a Cech MP-closed subset of (X, g). Hence GNY is a Cech
MP-open subset of (X, g).
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